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ABSTRACT 



After considering a solitonic string moving in the Poincare AdS and two-dimensional sphere, 
we calculate the two-point correlation function of magnon and spike in the semi-classical limit 
without any explicit solution. We also calculate the three-point correlation functions between 
two heavy and one light operators. We find that the coupling between two heavy and one light 
operators in the string side is the exactly same as one obtained from the gauge theory by using 
the RG analysis. 
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1 Introduction 

The conformal field theory (CFT) is characterized by the calculating the conformal dimen- 
sion of all primary operators and the structure constant included in the three-point correlation 
functions, because higher point functions may be determined by using the operator product 
expansion (OPE). The A/" = 4 super Yang-Mills (SYM) theory in four-dimensional space is an 
important example to investigate the interacting CFT [1]. After it was shown that there exists 
an integrable structure in = 4 SYM theory [21 O IH O [H [71 [8] , there were great progresses 
in finding the spectrum of this theory [9]-|32j. This studies were extended to the ABJM model 
corresponding to the low energy theory of M-theory or IIA-string theory |33j-|56]. On the con- 
trary, although the structure constant can be evaluated in the weak coupling limit of SYM by 
computing the Feynman diagrams, at the strong coupling there still remain many things to be 
done. 

Recently, there was a big progress in calculating two- and three-point correlation function 
semi-classically [57]. In the related works [58]- [66], various two- and three-point functions for 
heavy operators were calculated by using the known explicit solutions. In this paper, we first 
revisit the two-point function of heavy operator like magnon and spike without exact solutions. 
Since it is usually very difficult to find the exact string solution corresponding to the heavy 
operator in the general set-up, our method would be very helpful to investigate the correlation 
function of these heavy operators. Secondly, we also calculate the three-point correlation function 
between two heavy and one light operators, where the light operator corresponding to the 



1 



marginal scalar operator is dual to a massless scalar field fluctuation of the dual supergravity 
theory. After reading off the structure constant from the three-point function, we compare it 
with the result obtained by the RG analysis in the gauge theory side. For magnon described 
by a spin chain model, we find that the coupling between two magnons and one marginal scalar 
operator at the semi-classical limit of the string sigma model is the exactly same as one obtained 
from the RG analysis in the gauge theory. Although the dual integrable model describing spike 
is not clear, if such model exists, we can identify the spike with another heavy operator in 
such integrable model, whose conformal dimension is given by calculating two-point function. 
Since there is no known explicit solution for spike, we calculate two- and three-point function by 
using the equations of motion and boundary conditions of the spike. In Ref. j65j . by using the 
equations of motion of the solitonic string without imposing the boundary conditions, the two- 
and three-point functions for various strings were calculated. The method using the equations 
of motion and boundary conditions would be very powerful to calculate the various correlation 
function in general backgrounds because it is usually very difficult to find the exact solution of 
the string worldsheet soliton. Moreover, by taking the analogy with magnon, we can easily find 
the coupling between two spikes and one marginal scalar operator in the gauge theory side. We 
find that this result is also the exactly same as one obtained from the semi-classical calculation 
in the string sigma model. 

The rest part is organized as follows. After explaining the equations of motion and the 
boundary conditions for magnon and spike in Sec. 2, we calculated two- and three-point cor- 
relation functions for magnon in Sec. 3 and for spike in Sec. 4. We conclude with a brief 
discussion. 

2 Solitonic string on the Poincare AdS and 5^ 

Consider a magnon or spike moving in the AcISm x S'^, which can be usually a subspace of 
AdS^ X S^. If we consider the global patch for AdS, a string solution corresponding to the 
magnon or spike is located at the center of AdS. However, in the Euclidean Poincare patch 

d^AdS = ^ {dz^ + dx"^) ' (1) 

the string solution can be described by a point-particle moving in AdS. Especially, in the 
conformal gauge the integration over the string worldsheet is reduced to the integration over the 
modular parameter s of the cylinder 

/" ^ [ ^ dT [ da, (2) 

J J-s/2 J-L 
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where we concentrate on the magnon or spike solution and ±L imply two ends of the string 
worldsheet. Notice that the magnon and spike solutions described by a open string corresponds 
to the half of the closed string. 

If we choose the space-like separation in the AdS space, the string action on AdS]\f x 5^ is 
given bv P1I50] 



Sst = / rf^cr 



z2 



(3) 



where |^ is a string tension, T = for AdS^ x S^. 

The solutions of the AdS part, z{t) and x(r) are given by 

4r) 



cosh KT 

x(r) = i?tanhKr + xo, (4) 

which is the specific parameterization of a geodesic in AdS, (x(t) — xq)^ + z{t)'^ = R^. From 
these solutions, the action of the AdS part simplifies to 

Zr",rf\,^^I^l±^ = ir",rl (5) 

Imposing the boundary conditions 



ix{-s/2),z{-s/2)) = {0,e) and ixis/2), z{s/2)) = {xf,e), (6) 

in which e is very small and corresponds to an appropriate UV cut-off, we can find a relation 
between k and xj 

KW-log^, (7) 
s e 

with Xf ^ 2R 2x0- 

Now, consider the 5"^ part of the string solution. Under the following parameterization 

G = &{y), 4> = ^r + g{y), and y = aT + ba, (8) 
the equations of motion for reads off 

= dy {sin^ e {ai^ + {a^ -b'^)g')} , (9) 



where the prime means the derivative with respect to y. So g' can be rewritten in terms of 9 

1 f c 
b"^ — a'^ \ sva. 



9 = -vr—^, (av - -TT-n ) ' (10) 
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where c is an integration constant. The equation of motion for 9 after multiplying 29' can be 
rewritten as the following form 



62 



,2 ^2 



C 



Therefore, we can also rewrite 9' in terms of 9 



3/2 



{IP- — a2)2 sin^ ' 



sm C7 + , „ „ sm 



6^2/2 62j^2 



(12) 



„2 



where (^jji^^^i^i is introduced as another integration constant. 

To find exact solutions of (llOp and (I12p the above two integration parameters c and w should 
be fixed by appropriate boundary conditions. We first impose that 9 has a maximum value 9YYi.ax 
satisfying 9!^^^^ = 0, which plays an important role to determine the size of dual magnon or 
spike. For example, if sin 9max = li the magnon and spike have an infinite energy. For magnon, 
this also implies an infinite angular momentum, which can be reinterpreted as a infinite size of 
the spin chain operator in the dual gauge theory. Notice that this boundary condition should 
be imposed to both magnon and spike, so the above (|12p can be rewritten as 

= . 2n [(sin' dmax " sin^ 9) (sin^ 9 - Sin2 9rmn)] , (13) 

(o^ — a^j^ sm 9 

with 



sin 9,ijiQ_x ~l~ sin 



(P 

SIT? 9 max SIT? 9min = -j^- (14) 

Until now, there is no difference between magnon and spike. The difference between them 
appears when imposing the second boundary condition. For the magnon, we should impose 
da4' = at 9 = 9max, which guarantees that even for sin^^ax = 1 the angle difference is 
finite while the energy and the angular momentum are infinite. Notice that this is the typical 
structure of the magnon's dispersion relation. By solving this boundary condition, we can find 
sin^ ^^^3, = Inserting this result into (fT2|) . the integration constant w"^ becomes 



2 ci/(a2 + 62) 

= — ^ -. (15) 

a 

Since the spike has usually a finite angular momentum with a infinite energy and angle 
difference, we should impose a different boundary condition from the magnon. For sin^^ax = 1) 
to find a finite angular momentum, we should impose dr4> = at 9 = 9max- This boundary 
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condition for spike gives sin O^nax — ~ri • Inserting this result into (jl2p , we can reobtctin the 
above result in (llSp . Notice that ()15p is related to one of the Virasoro constraints [Mj, so it 
should be satisfied in both cases, magnon and spike. As a result, since w'^ has the same form in 
the magnon and spike, (I12p can be reduced to 



sm sm 6 -r 

av /V vb^ 



(16) 



In the case of sin 9max = 1 , the sin^ Omin of the magnon solution is given by p- . Since sin Omin is 
always smaller than 1, two parameters, a and 6, of the magnon should satisfy b > a, where we 
assume that all parameters are positive. For the spike, since sin Omax = 1 gives sin^ Omin = the 
parameter constraint a > b should be satisfied. Although the solution 9 of p6p has an additional 
integration constant, it is irrelevant to calculate the correlation functions of the magnon and 
spike. 

3 Magnon 

3.1 Two-point correlation function 

After convolution with the relevant wave function following the Janik's work [57], the new action 
is given by 

S = S-UgO-U^^ 

^ ' dr da— = / dT da p\ (17) 



2 J~s/2 J~L 2 y_s/2 J-L 

where J dap corresponds to the energy of a solitonic string moving on S'^ and 2L is the length of 
the worldsheet string. In the dual gauge theory side, / dap and L corresponds to the conformal 
dimension and the size of the dual spin chain operator, respectively. If we take the L — >• oo limit 
which is the same as taking 

sin ^^^2; — 1? the worldsheet solitonic string solution corresponds 
to the spin chain operator having infinite size in the dual gauge theory. From now on, we 
concentrate on the infinite size of magnon and spike. Using the above together with ([7]), the 
total action for the magnon is given by 

iStot = i {SAdS + S)=i(^-^ log2 ^ - sLT. (18) 

From this total action, the saddle point of the modular parameter s reads 

s = -i-log^, (19) 
P e 
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which corresponds to the Virasoro constraint for the einbein. At this saddle point, k and p are 
related hy n = ip and the semi-classical partition function of the giant magnon becomes 

e«..= (A) , (20) 

where E corresponding to the magnon's conformal dimension is 

^ r^/^ cos2 0™„sinf? 



E = T dap = 2T dd ^ (21) 

J~L JSmin COS 9 ^/s\V? 9 — S\V? 9 rnin 

Using the definitions for the angular momentum J and the angle difference A0, which can be 
identified with the string worldsheet momentum p, |50j 



9 sm 9 ism^ 9 - Slip' 9 min) 

J = T dasm^9dr^ = 2T d9- ^ ' 



L J Omin COS 9 \J sin^ 9 — sin^ ( 

7r/2 



mm 



Sm COS ( 



|A,^| ^ p = - d^ = 2 d9—^=^^^===, (22) 

^ ^ ^min sm 

the energy E can be rewritten in terms of J and p 



sm 9 ysin^ 9 — siv? Umm 



= J + 2r|sin||, (23) 

which corresponds to the dispersion relation of a magnon in the spin chain model at the strong 
t' Hooft coupling limit. This result shows that the computation of the semi-classical partition 
function of the bulk string theory leads to the two-point correlation function of the dual operator 
in the gauge theory. 

3.2 Three-point correlation function 

Now, we consider the deformation by a marginal scalar primary operator, whose dual bulk field 
is described by a massless scalar field in AdS^. In Ref. ^T\, it was shown by using the RG 
analysis that the deformed anomalous dimension can be related to the coupling between any 
two operators in the undeformed theory and the marginal scalar operator in the dual field theory 
side. Furthermore, it was also shown that the same result can be also obtained by calculating 
the partition function of the string theory in the semi-classical limit, in which the known exact 
solutions were used. 

In this section, we revisit the three-point correlation function between two heavy magnon 
operators and one light operator corresponding to the marginal scalar operator without any 
explicit solution. The bulk-to-boundary propagator of a massless scalar field x in AdS is given 

by m 

= (24) 
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Then, the three-point function between two magnon operators denoted by Om and marginal 
scalar operator is given by |61] 



2E 



with 



Ixi^^^'^y] = M da 

J~s/2 J-L 



(25) 



(26) 



where x corresponds to the massless dilaton fluctuation and Sp[X, s, x] represents the Polyakov 
action including the dilaton fluctuation 



Sp[X,s,x]-- 2 
For the magnon case, I-^[X,s;y] becomes 



j d^a ^r^daX^dpX^GAB e^/^ + ■■■. 



(27) 



z'^ + {x — yy 



(28) 



where Sst in © is the Polyakov action in the absence of the dilaton field. Inserting solutions 
obtained in the previous section, the above integration is reduced to 

ST r/"^ . . \ o 1 



32" />s/^ /> 



da 
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2b''u^siiiH-—{a' + h') 



vc 



+ (x — y)^ 



(29) 



Notice that k = ip at the saddle point and that the propagator of the massless field depends on 
r only. For the infinite size magnon case sin^ ^^^^j = 1, the integration over a, after using the 
chain rule twice, becomes 



da 



1 



62 



262 zy2 sin2(9 



vc 



(a2 + 62)) 



-4p 



-4/9 COS ( 



dO- 



sm w cos ( 



Sm2 e - Sin2 dmin 



(30) 



where we use c = av and p = v which are satisfied only for sin2 9„ 
Ixl^-, ■5; y\ at the saddle point is reduced to 



1. The integration 



.er 

T 



-Z— 5-pCOS Umin 



P 

sm — 



-,/2 



dr 



12 \z^^{x-yY 



27r2' Ty^{x^-yY 



(31) 
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Therefore, the three-point correlation function from (j25p becomes 

T 1 

(0^(0)0^ (x;)P^(y))=--^| sin g| -. (32) 

2 y'^ix/ - 

From this result, the coupling a-DAA reads off 

In'^avmm = -T\ sin 1 1 (33) 
In the integrable spin chain model, the conformal dimension of the magnon is given by 



A = J + yi + 16g2|sin||2, (34) 
where the string tension T can be rewritten in terms of the 't Hooft coupling A 

r.2,.n.,'.ylM^.^. (35) 

From this magnon conformal dimension, we can extract the coupling between two magnon 
operators and one marginal scalar operator by using the following formula obtained by the RG 
analysis [61] 

9 9 5 , 85^1 sin 2P , ^ 

^9' ./l + 16g2|sin£|2 



2 I 

In the large 't Hooft coupling limit, the result (|36p in the gauge theory is reduced to one of the 
string calculation (j33|) in the semi-classical limit. 



4 Spike 

4.1 Two-point correlation function 

Now, we perform the similar calculation for the spike. Since there is no known explicit solution, 
the method explained in the previous sections would be very useful. For the spike, since a > b, 
it is more convenient to write 6'^ as the following form 

(a^ — o^j^ sm 

with 

sin^ 6'max' = ^ and sin2 6'mm = —- (38) 

Here, we concentrate on the infinite size case, sin2 ^^^j. = 1. In this case, since c/v = b'^/a, 
s\v? Omin = Like the magnon case, the new convoluted action S is also given by 

S = -|/.W = -|/<iV^. (39) 
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Using this result, we can find the same saddle point (jl9p and the semi-classical partition function 
as ones obtained in the magnon case 

e^^'°* = l^-^j , (40) 



^ /■''/^ cOS^ U.rnin Sm ( 



E = T I dap = 2T (le ^^^^^_^nnn^^^^^^^^_ ^^^^ 

-L J 6»™,,„ sin Ojnin COS 9 \/ sin^ 9 — sin^ ^ 



with 



Using the conserved charges and angle difference [5^ 

i-L />7r/2 

J = T das\n^9dr(p = 2T d9 



sm cos ( 



TT J 

^mm = arcsin— . (44) 



--^ ■'•^min \/ sin^ 6* - sin^ 9min 

m . p = = 2 r , , (42) 

Jdmin sin 9min sin 9 COS 9 sin 9 — sin 9 min 

the dispersion relation of the spike can be written as 

E = TAcj) + 2T9, (43) 

with 

2 — 

^ — 2 " iiLiit ^^^^^ 2^ 
4.2 Three-point correlation function 

Now, we consider the three-point correlation function between two spike operators and one light 
operator dual to a massless scalar field x- From the formula for the three-point function in (|25p . 
we can find 

h[X,s;y] = ^^5., X (-^^^^) , (45) 

where Sst is also given by ([3]). Inserting the spike solution into this string action, at the saddle 
point (fT9]) where k = ip is satisfied, the string action is reduced to 

Sst = ^ dr da^^ (- - sin' 9) . (46) 
2 J_g/2 J-L -h^ \au I 

In terms of the 9 integration instead of cj, the string action can be rewritten as 

1'^ , hv . . „ rl'^ , /■sm2e™,=i ^ x-sin2 0^i„ 



Sst = -T I dT—A(l) + iyT dr dx 

3/2 ^ J-s/2 Jsin^ernin xyj; — sin^ 



rs/2 

uT sin 9min / dr [-Ac/) + 2 {cot 9min - arctan(cot 9min)}] ■ (47) 

J-s/2 



Then, Ixi^-, y] at the saddle point s = s becomes 

_ T xi 

I^iX, s; y] = [-A(/) + 2 {cot Omin - arctan(cot 9min)}] ^4^^^ _ (^8) 

where we use p = in (j39p . In terms of ^, Ixi^j y] can be rewritten as 



T r 



Ix[X,s;y] = -^ A<^-2^an0-0^ 7(^7^- ^^^^ 
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47r2 

Finally, the three-point correlation function becomes 

(OMOsixfmy)) = ^ (-^ -r^~ + rtan^~) _ , (50) 

where Os implies the dual spike operator. From this three-point function, we easily read off the 
coupling 

2TT^avss = -'^^ -TO + Ttane. (51) 

Although the dual integrable model of the spike solution is not clear, it is widely believed that 
there exists a dual integrable model related to spike. Keeping this in mind, we can say that 
the dual operator of the spike has the dispersion relation in (j43p with the relation (I44p . By 
taking the analogy with the magnon, we can calculate the coupling between two spikes and one 
marginal scalar operator in the gauge theory side 

2"- - "2^^ ^ /^j.^ , _^2Tarcsin — 



27r avss = —9 TT-^E = — — ■ TAc^ -|- 2Tarcsin — - 



^ TO + T tan 9, (52) 

which is the exactly same as (|51|) calculated by the string partition function at the semi-classical 
limit. 



5 Discussion 

We calculated the two- and three-point correlation functions of magnon and spike without any 
explicit solution. Here, instead of finding the explicit solutions, we used the equations of motion 
and boundary conditions. After calculating the three-point correlation function between two 
heavy magnons and one light operator, which is dual to one of the massless scalar field of 
various supergravity fields, we extracted the structure constant describing the coupling between 
those operators. This structure constant calculated in the string set-up is the exactly same as 
ones obtained by the RG analysis in the gauge theory side . We also calculated the two- and 
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three-point correlation function between two spikes and one light operator. Although the dual 
integrable model for spike is not clear, by taking the analogy with the magnon we have calculated 
the structure constant in the gauge theory side. We also saw that this result is consistent with 
one calculated from the string sigma model. 

In more general backgrounds, since it is usually very difficult to find the exact solution, our 
method would be very helpful to investigate various correlation functions for the solitonic string 
solutions like magnon and spike . 
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